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In a recent experimental work [Z. Wu et al., Science 354, 83 (2016)], the PKU-USTC group realized a two-
dimensional two-band quantum anomalous Hall model on a square Raman lattice. By quenching the atom-laser
detuning of such a Raman lattice, the time-dependent Bloch vectors for each quasimomentum points define a
Hopf mapping from quasimomentum-time space (kx, ky, t) ∈ T 3 to the Bloch sphere S 2. The Hopf links between
the preimages of any two Bloch vectors on S 2 can be measured experimentally through Bloch state tomography
using spin-resolved time-of-flight measurement together with suitable radio-frequency manipulations. The dy-
namical Hopf invariants, which are quasimomentum-time integrations of Chern-Simons densities, can also be
extracted experimentally through certain quench processes. As the Hopf invariant equals the Chern number of
the post-quench Hamiltonian, the measurements of Hopf links and Hopf invariants provide an alternative way
of understanding the topological phase diagram of the equilibrium system.
I. INTRODUCTION
Ultracold atoms in lattice systems are powerful simulators
for studying topological physics [1–5]. A case in point is the
Harper-Hofstadter model [6, 7], wherein the ground state of
Hamiltonian is characterized by a topological invariant – the
Chern number – has been studied experimentally [8–11] us-
ing the laser-assisted-tunneling technique. In another seminal
experiment, the Haldane model [12] on a hexagonal lattice is
realized by the ETH group [13] via the shaking-lattice tech-
nique [14]. Along this line, a Haldane-like model was later
achieved by the Hamburg group [15–17]. Recently, the PKU-
USTC group has implemented the quantum anomalous Hall
(QAH) model on a square lattice [18]. Key to their setup is
a unconventional (spin-dependent) Raman lattice with cou-
pled hyperfine spin states, aside from the conventional (spin-
independent) optical lattices.
Cold-atom systems also present ideal platform for study-
ing the out-of-equilibrium physics, in particular, the quench
dynamics [16, 17, 19–25]. In Refs. [24, 25], the quench dy-
namics of a generic two-dimensional two-band model initial-
ized in a topologically trivial state is theoretically explored.
Remarkably, such (2 + 1)-dimensional quenched system nat-
urally allows for a Hopf mapping from the quasimomentum-
time space (kx, ky, t) ∈ T 3 to the Bloch sphere S 2. Subsequent
experiments have measured, based on a quenched Haldane-
like model, both trivial and nontrivial Hopf links [16, 17]
between the preimages of Bloch vectors pointing to the
north and south poles on S 2, which is achieved through the
quasimomentum-resolved Bloch-state tomography for the az-
imuthal phase [15, 26].
However, the Bloch-state tomography as in Refs. [15, 26]
is not complete, in the sense that the sign of the z component
of the Bloch vectors can not be resolved directly. By con-
trast, the topological Raman lattice system [18] allows for a
complete Bloch-state tomography, which is possible through
a combination of the spin-resolved time-of-flight measure-
ment [18, 27] and suitable radio-frequency (rf) manipulations
rotating the spin basis [28]. This paves the way to a direct
visualization of the Hopf links between the preimages of any
two Bloch vectors, and moreover, an extraction of the topo-
logical number hidden in the quench dynamics, i.e., the Hopf
invariant. We note that, although there is a recent experimen-
tal measurement of the Hopf invariant in a single nitrogen-
vacancy center [29], the corresponding measurement in a lat-
tice system is still to be realized. Our current protocol fulfills
this task in the theoretical side, and it is likely to be realized
experimentally in the near future.
This paper is organized as follows. In Sec. II, we describe
the scheme to measure the Hopf links in a topological Raman
lattice. In particular, we will show that the QAH model is
adopted to describe the topological Raman lattice. In the sim-
plest setup, with spin-resolved time-of-flight measurement,
nontrivial Hopf links can be obtained from the trajectories
with maximal spin imbalance for the quenched QAH model.
Additional rf manipulations together with the spin-resolved
time-of-flight measurement can fulfill the Bloch state tomog-
raphy, where Hopf links for more than two preimages can be
visualized. In Sec. III, we define the dynamical Hopf invariant
for the quenched QAH model and deduce its relation with the
Chern number of the post-quench Hamiltonian. We then show
how the Hopf invariant can be evaluated from the experimen-
tally measured Bloch vectors. We conclude in Sec. IV.
II. HOPF LINKS IN A TOPOLOGICAL RAMAN LATTICE
A. The quantum anomalous Hall model for the topological
Raman lattice
In the experiment by the PKU-USTC group [18], the fol-
lowing two-dimensional two-band QAH Hamiltonian is real-
ized on a square Raman lattice (length is measured in units of
the lattice constant):
H (k) = h (k) · σ, (1)
where
hx = Jsosin kx, hy = Jsosin ky,
hz = M − J0(cos kx − cos ky). (2)
The space of the Pauli matrices σ = (σx, σy, σz) are spanned
by the two hyperfine spin states, which are coupled by Raman
lasers. Here k = (kx, ky) is the quasimomentum, J0 and Jso are
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FIG. 1. A schematic illustration for the quenched QAH model. (a)
The normalized Hamiltonian vector hˆ(k) = h/|h| in the quasimomen-
tum space for the topologically nontrivial case with M = 0.6. The
gray square shows the first Brillouin zone. (b) The topological phase
diagram of the QAH model and the quench protocol. The detuning
M is quenched from Mi to M f . The state of the system is initially
prepared as the ground state of the Hamiltonian with M = Mi, then
evolves under the Hamiltonian with M = M f . We consider the case
that the initial state is topologically trivial (|Mi| > 2), and the final
Hamiltonian can be both trivial or nontrivial.
respectively the spin-conserved and spin-flip hopping coeffi-
cients, and M arises from the detuning between the Zeeman
splitting of the two spin states and the Raman lasers. For sim-
plicity, we take J0 = Jso = 1 as the energy unit. In typical
experiments, they can take different values, and are of the or-
der of a few hundred hertz [18]. The spectrum of the system
is E± = ±h, where h = |h| =
√
h2x + h2y + h2z , which can be
measured experimentally [30] using the spin-injection spec-
troscopy technique [31, 32].
The topology of the Hamiltonian can be characterized by
the (first) Chern number [33] of the lowest band [34], i.e.,
C1 =
∫
BZ
dkxdky
4pi
hˆ ·
(
∂kx hˆ × ∂ky hˆ
)
, (3)
with hˆ = h/|h|. The integration is performed in the first Bril-
louin zone (kx, ky) ∈ [−pi, pi) × [−pi, pi). There, the winding
patten of the vector hˆ [see, e.g., Fig. 1(a)] as a function of
detuning M gives rise to
C1 (M) =

1,
−1,
0,
0 < M < 2;
−2 < M < 0;
other cases,
(4)
which determines the topological phase diagram of the system
[Fig. 1(b)].
B. Quench dynamics for the QAH model
We now consider the quench dynamics for the QAH model
[Fig. 1(b)], following Ref. [25]. We consider the case that the
detuning M is time dependent, i.e.,
M(t) =
{
Mi, t 6 0;
M f , t > 0.
(5)
We use capital Greek letters Θk and Φk to parameterize
the Hamiltonian vector hˆ (k) = h (k) /|h (k) |, with hˆ (k) =
(sin Θk cos Φk, sin Θk sin Φk, cos Θk). We prepare the initial
state as the ground state of the Hamiltonian Hi = hi · σ, or
written explicitly,
|ψk (t = 0)〉 =

sin
Θik
2
− cos Θ
i
k
2
eiΦ
i
k
 . (6)
After the quench, the state evolves under the new Hamilto-
nian H f = h f ·σ, as described by |ψk (t)〉 = e−iH f t |ψk (t = 0)〉.
Note that while the quench changes the hz(k) term through
modulations of M, both hx(k) and hy(k) remain unaltered.
Hence, the azimuthal phase Φk stays invariant through the
quench dynamics, i.e., Φik = Φ
f
k, so that we have
|ψk (t)〉 = cos
(
h f t
)
|ψk (t = 0)〉
+ i sin
(
h f t
)

sin
Θ fk − Θik2

− cos
Θ fk − Θik2
 eiΦik
 ,
(7)
where h f = |h f |. Parameterizing the state (7) on a Bloch
sphere as
|ψk (t)〉 ≡
 sin (θk/2)− cos (θk/2) eiφk
 , (8)
the corresponding time- and quasimomentum-dependent
Bloch vectors are given by
n (k, t) = − 〈ψk (t)|σ |ψk (t)〉
= (sin θk cos φk, sin θk sin φk, cos θk) .
(9)
Since the (kx, ky, t) represents a point on the 3-torus (T 3), the
set of Eqs. (7)-(9) define a mapping from T 3 to the Bloch
sphere S 2, also known as the Hopf mapping [35] (we will dis-
cuss this point in more details in Sec. III). For a Bloch vector
n, i.e., a point on S 2 as parameterized by (θ, φ), the collection
of (kx, ky, t) points mapping to this (θ, φ) form a loop, which
represents a preimage of n. The preimages of two different
Bloch vectors n and n′ can be linked, and the linking number
equals to the Chern number of the post-quench Hamiltonian
H f [24].
C. Measuring the linking number from the trajectories with
maximal spin imbalance
In Refs. [16, 17], the phase vortices - the vortex pattern of
the azimuthal phase φk in the quasimomentum space - of a
quenched Haldane-like model are measured experimentally.
As is found, two types of phase vortices can appear: one is
static, which corresponds to the Bloch vector pointing to the
north pole of the Bloch sphere (nz = 1); the other is dynam-
ical, which corresponds to the Bloch vectors pointing to the
3FIG. 2. The quasimomentum resolved, time-dependent spin imbalance nz(k, t) of the quenched QAH model. The system is initially prepared
as the eigenstate of the Hamiltonian with Mi = 3 (i); it then evolves under the Hamiltonian with M f = 0.6 (ii-x). High symmetric points
in the first Brillouin zone are marked in (i), where the corresponding (kx, ky) coordinates are Γ(0, 0), X(pi, 0), and M(pi, pi). During the time
evolution, nz = 1 is maintained for these three points. The loop around the Γ point is determined by Eq. (10) (with Mi = 3 and M f = 0.6),
which indicates the quasimomentum points that can reach nz = −1. The additional red contours in (iv-viii) indicate the quasimomentum points
with nz = −0.99. The time unit τ = 1/J0 is about several miniseconds for a typical experiment [18].
(a) (b)
FIG. 3. Extracting the Hopf link from preimages with maximal spin
imbalance. (a) The surface satisfies Eq. (10) for different M f values,
with Mi = 3. As M f varies, it shrinks to the Γ point for M f = 2,
and to the M point for M f = −2. The intersection between this
surface and the constant plane M f = 0.6 gives rise to the contours
shown in Fig. 2. (b) The trajectories with maximal spin imbalance
in the (kx, ky, t) space: straight line for nz = 1; loop for nz = −1
[determined by Eqs. (10) and (11)]. The linking number between
them (i.e., preimages of nz = ±1) equals the Chern number of the
final Hamiltonian C1 = 1 for this case. Such a Hopf link has been
measured experimentally by the PKU-USTC group [36, 37].
south pole (nz = −1). The preimages for the north and south
poles (i.e., trajectories for the static and dynamical vortices)
are linked if the final Hamiltonian is topological, as opposed
to the case with trivial final Hamiltonian where nontrivial link-
ing is absent [16, 17, 24, 25].
For the QAH model (1) realized by the PKU-USTC group,
the Pauli matrices represent two hyperfine spin states, rather
than the sublattice degrees of freedom for a single spin state
as in Refs. [16, 17]. As such, a spin-resolved time-of-flight
measurement [18] can be exploited to record the time- and
quasimomentum-dependent spin imbalance nz(k, t), thus al-
lows for a direct measurement of the Hopf links between
preimages of nz = 1 and nz = −1. Specifically, the param-
eter equations for nz = −1 can be derived from Eq. (7) as,
cos
Θ fk − Θik2
= 0, (10)
cos
(
h f t
)
= 0. (11)
A typical measurement of the Hopf link between nz = ±1 is
shown in Figs. 2 and 3.
D. pi/2-rf pulses and spin-resolved Bloch state tomography:
mutual links for more than two preimages
As described earlier, measurement of the spin imbalance
renders extraction of the preimages for the nz = ±1 points.
Note that when the post-quench Hamiltonian is topologically
trivial, the preimage for nz = −1 vanishes and the linking is
absent.
One can proceed further to measure both the nx and ny com-
ponents, by applying pi2 -rf pulses in the x-y plane before taking
the Stern-Glarch measurement [28, 38, 39]. We note that, the
rf pulses can rotate the spin basis as follows
ei(pi/2)σx/2σze−i(pi/2)σx/2 = σy,
ei(pi/2)σy/2σze−i(pi/2)σy/2 = −σx.
(12)
A pi2 -rf pulse along the x direction imprints a phase factor to
the wavefunction as∣∣∣ψ′k (t)〉 = e−i(pi/2)σx/2 |ψk (t)〉 . (13)
4(a)
(b)
FIG. 4. Hopf links for more than two preimages. (a) The nontrivial
mutual linking between preimages of nx = −1 and ny = −1 and nz =
−1 points for the case of a topological quench (Mi = 3→ M f = 0.6,
i.e., the same as Fig. 2). (b) The trivial linking between preimages
of nx = ±1 and ny = ±1 and nz = 1 points for a topologically trivial
quench (Mi = 3 → M f = −2.5). The preimage for nz = −1 vanishes
for this case.
A subsequent Stern-Glarch measurement then gives rise to〈
ψ′k (t)
∣∣∣σz ∣∣∣ψ′k (t)〉 = 〈ψk (t)| ei(pi/2)σx/2σze−i(pi/2)σx/2 |ψk (t)〉
= 〈ψk (t)|σy |ψk (t)〉 = −ny (k, t) .
(14)
Likewise, a pi2 -rf pulse along the y direction followed by the
Stern-Glarch measurement gives the nx (k, t) component.
Once the
(
nx (k, t) , ny (k, t) , nz (k, t)
)
are measured, the
Bloch state tomography is achieved [40]. This enables the ex-
traction of the preimages for any points on the Bloch sphere;
see typical results for the Hopf links of certain preimages as
summarized in Fig. 4.
III. MEASURING THE HOPF INVARIANT FROM THE
QUENCH DYNAMICS
In Ref. [24], we have proved a theorem, which states that
the dynamical Hopf invariant of a quenched two-band model
initialized in a topologically trivial state equals the Chern
number of the post-quench Hamiltonian. The proof presented
therein makes use of a composite mapping. Below we will
present an alternative yet more concise proof. Thereafter,
we will show how the Hopf invariant, and thus the Chern
number, can be extracted from the experimentally measured(
nx (k, t) , ny (k, t) , nz (k, t)
)
.
A. Dynamical Hopf invariant and its relation to Chern number
To extract the topological invariants from the quench dy-
namics, the concrete value of Mi is not important as long as
we take |Mi| > 2. Hence, for simplicity, we can take it to be
infinity and set the initial state as the spin polarized state with
all the Bloch vectors pointing to the north pole of the Bloch
sphere:
|ψk (t = 0)〉 =
(
0
1
)
. (15)
The time-evolved state under the Hamiltonian H f (k) =
h f (k) · σ is described by
|ψk (t)〉 = e−iH f (k)t |ψk (t = 0)〉
=
−i sin
(
t˜/2
) (
hˆx − ihˆy
)
cos
(
t˜/2
)
+ i sin
(
t˜/2
)
hˆz
 ≡ ∣∣∣ψk (t˜)〉 , (16)
where the evolution time is rescaled as
t˜(k) = 2h f (k)t. (17)
As mentioned in Sec. II A, experimentally, the rescaling factor
h f (k) can be measured using the spin-injection spectroscopy
technique [31, 32]. The Bloch vector for each quasimomen-
tum and the rescaled time is then given by
n
(
k, t˜
)
= − 〈ψk(t˜)∣∣∣σ ∣∣∣ψk(t˜)〉 , (18)
where the three components of n are as follows:
nx
(
k, t˜
)
= sin(t˜)hˆy + 2sin2(t˜/2)hˆxhˆz,
ny
(
k, t˜
)
= − sin(t˜)hˆx + 2sin2(t˜/2)hˆyhˆz,
nz
(
k, t˜
)
= cos(t˜) + 2sin2(t˜/2)hˆ2z .
(19)
The typical results of the Bloch vector n
(
k, t˜
)
are shown in
Fig. 5. We see that the Bloch vector is periodic in both
the quasimomentum and the rescaled time. As such, the pa-
rameter space of (kx, ky, t˜) is a three-dimensional torus T 3 =
S 1 × S 1 × S 1, i.e., a tensor product of three one-dimensional
spheres S 1.
The Berry connection in terms of the Bloch state
∣∣∣ψk (t˜)〉 is
defined by [41]:
Aµ
(
k, t˜
)
=
i
2pi
〈
ψk(t˜)
∣∣∣ ∂µ ∣∣∣ψk(t˜)〉 , (20)
where the index µ takes value in kx, ky, and t˜. The associated
Berry curvature takes the form
Jµ
(
k, t˜
)
= µνλ∂vAλ
(
k, t˜
)
, (21)
where µνλ is the total-antisymmetric tensor, and the Einstein’s
summation convention is used throughout. Importantly, while
the Berry connection Aµ is gauge dependent, the Berry curva-
ture Jµ is not. Indeed, Jµ is related to the experimental observ-
able n
(
k, t˜
)
as [24, 41]
Jµ =
1
8pi
µνλn · (∂νn × ∂λn) . (22)
5FIG. 5. The quasimomentum resolved Bloch vectors [Eq. (19)] of the quenched QAH model (Mi = +∞ → M f = 0.6), for different rescaled
times: (i) t˜ = 0.2pi, (ii) t˜ = 0.4pi, ..., (x) t˜ = 2pi. The gray squares represent the first Brillouin zone. The configuration of the Bloch vectors
returns back to its initial one (i.e., all the Bloch vectors pointing to the north pole direction) at time t˜ = 2pi, which shows the periodicity in the
rescaled-time direction. There is an additional contour (determined by hˆz = 0) in (v) with t˜ = pi. The Bloch vectors located at this contour at
t˜ = pi all point to the south pole direction.
From the Berry connection and the Berry curvature, the dy-
namical Hopf invariant for the quenched system can be de-
fined as [41]
IH =
∫
dkxdkydt˜AµJµ
=
∫
dkxdkydt˜µνλAµ∂vAλ.
(23)
Here the integrand is a Chern-Simons density
ρCS = µνλAµ∂vAλ, (24)
which is apparently gauge dependent. Following from Eqs.
(16), (20), and (21), a straightforward but cumbersome calcu-
lation yields the time-integrated Chern-Simons density as [42]
ρ¯CS ≡
∫ 2pi
0
dt˜ρCS =
1
4pi
hˆ ·
(
∂kx hˆ × ∂ky hˆ
)
. (25)
A further integration in the first Brillouin zone for both sides
of the above formula gives [cf. Eqs. (3) and (23)]
IH = C1. (26)
Thus we have proved the dynamical Hopf invariant equals the
Chern number of the post-quench Hamiltonian.
We notice that Eq. (26) is proved within a different ap-
proach in Ref. [24]: There, one basically starts with Eq. (22)
as the definition of Jµ, then solves Aµ according to Eq. (21)
for a particular gauge, and subsequently calculates the Hopf
invariant in Eq. (23).
B. Chern-Simons density through Bloch state tomography
As is shown in Eq. (22), the Berry curvature Jµ depends
locally on the observable n
(
k, t˜
)
. If we can find out a par-
ticular gauge to express the Berry connection Aµ as a func-
tion of the Bloch vectors n
(
k, t˜
)
, or equivalently as a function
of Jµ
(
k, t˜
)
, then the Chern-Simons density and the dynamical
Hopf invariant can be evaluated. To our limited knowledge,
the expression of Aµ in Eq. (20) with Eq. (16) could not fulfill
this task. As an alternative, we can take the following gauge
∂µAµ = 0, (27)
and then solve Eq. (21) to give [41]
∂2Aµ = −εµνλ∂vJλ. (28)
Using the point-source Green’s function technique, we get Aµ
as a function of Jµ as follows [43]:
~A(~K) =
1
4pi
∫
dk′xdk
′
ydt˜
′ ~J(~K′) ×
(
~K − ~K′
)
|~K − ~K′|3 , (29)
where we denote ~K = (kx, ky, t˜), ~A = (Akx , Aky , At˜), and ~J =
(Jkx , Jky , Jt˜). Thus we see that, in the gauge ∂µAµ = 0, the
Berry connection Aµ can be expressed as a (nonlocal) function
of the Berry curvature Jµ. This way, the Chern-Simons density
ρCS = AµJµ can be evaluated directly from the experimentally
measured Bloch vectors n
(
k, t˜
)
in terms of Eqs. (22) and (29).
The typical results of Aµ, Jµ, and ρCS are shown in Fig. 6.
IV. CONCLUSION AND OUTLOOK
Summarizing, motivated by the experimental realization of
the QAH model in a topological Raman lattice by the PKU-
USTC group [18], we have discussed the quench dynamics of
this system. We show how the Hopf link between trajecto-
ries with maximal spin imbalance can be determined by the
spin-resolved time-of-flight measurement, and how the Hopf
links for more than two preimages can be measured using
additional rf pulses. Such additional rf manipulations com-
bined with spin-resolved time-of-flight measurement accom-
plish quasimomentum- and time-resolved Bloch state tomog-
raphy. In addition to the Hopf links, the Hopf invariant can
6FIG. 6. Determining the Hopf invariant for the quenched QAH model. (a-f) The Berry curvature Jµ (µ = kx, ky, t˜) (a-c) and the corresponding
Berry connection Aµ (d-f) in the gauge ∂µAµ = 0, for a topological quench (Mi = +∞ → M f = 0.6) at rescaled time t˜ = 0.4pi. (g) The
Chern-Simons density ρCS = AµJµ at t˜ = 0.4pi determined by the quantities shown in (a-f). (h) The time-integrated Chern-Simons density ρ¯CS
for the same quench parameters as in (a-g). A further integration of ρ¯CS in the first Brillouin zone gives the Hopf invariant IH = 1. (i-j) The
Chern-Simons density ρCS at t˜ = 0.4pi (i) and the time-integrated Chern-Simons density ρ¯CS (j) for the case of a topologically trivial quench
(Mi = +∞ → M f = 2.5). The quasi-momentum integration of ρ¯CS in the first Brillouin zone gives a trivial Hopf invariant IH = 0 for this case.
be extracted directly. In a very recent experimental work by
the PKU-USTC group, the Hopf link between preimages of
nz = ±1 for the QAH model has been measured [36]. The re-
maining parts discussed in this work are also experimentally
feasible with state-of-the-art techniques.
In the current work, we have confined our discussion on the
quench dynamics of the QAH model starting from a topolog-
ically trivial initial state. The quench dynamics with a topo-
logical initial state will be explored in the future [44].
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